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ROOTS OF DEHN TWISTS ON NONORIENTABLE
SURFACES
ANNA PARLAK MICHA L STUKOW
Abstract. Margalit and Schleimer observed that Dehn twists on ori-
entable surfaces have nontrivial roots. We investigate the problem of
roots of a Dehn twist tc about a nonseparating circle c in the map-
ping class group M(Ng) of a nonorientable surface Ng of genus g. We
explore the existence of roots and, following the work of McCullough,
Rajeevsarathy and Monden, give a simple arithmetic description of their
conjugacy classes. We also study roots of maximal degree and prove that
if we fix an odd integer n > 1, then for each sufficiently large g, tc has
a root of degree n in M(Ng). Moreover, for any possible degree n we
provide explicit expressions for a particular type of roots of Dehn twists
about nonseparating circles in Ng.
1. Introduction
Let Ng,n be a connected nonorientable surface of genus g with n boundary
components, that is a surface obtained from a connected sum of g projec-
tive planes Ng by removing n open disks. If n equals zero, we omit it in
notation. The mapping class group M(Ng,n) consists of isotopy classes of
self-homeomorphisms h : Ng,n → Ng,n such that h is the identity on each
boundary component. The mapping class group M(Sg,n) of a connected
orientable surface of genus g with n boundary components is defined anal-
ogously, but we consider only orientation-preserving maps. By abuse of
notation, we identify a homeomorphism with its isotopy class.
Margalit and Schleimer showed that every Dehn twist about a nonsepa-
rating circle in M(Sg+1), g ≥ 1, has a root of degree 2g + 1 [8]. A natural
question, arising as a consequence of this result, is a question about other
possible degrees of such roots. This research has been pursued by McCul-
lough and Rajeevsarathy [9]. Using the theory of finite group actions on
surfaces [15, Chapter 13] they derived necessary and sufficient conditions
for the existence of a root of degree n of a Dehn twist about a nonseparat-
ing circle inM(Sg+1). They also gave an arithmetic description of conjugacy
classes of such roots. Our aim is to conduct an analogous investigation in
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the nonorientable case, which is a natural continuation of our previous work
in [11].
In Section 2 we recollect some basic facts about Dehn twists on nonori-
entable surfaces. We prove that if a root of a Dehn twist about a nonsep-
arating circle in M(Ng) exists, it must be of odd degree (Proposition 2.1).
We also formulate and prove the ’trident relation’ (Proposition 2.4) which is
a generalization of both the chain and the star relation in M(Sg). We will
make an extensive use of this relation in the final section of this paper.
In Section 3, following the work of McCullough and Rajeevsarathy [9],
we define a data set of degree n which encodes the information required
to describe a root of degree n (Theorem 3.1). One of the main differences
between the orientable and the nonorientable case is that when g is even not
all Dehn twists about nonseparating circles in Ng are conjugate in M(Ng),
thus we distinguish two types of data sets. The distinction is based on
whether Ng \ c is orientable or not.
In Section 4 we study possible degrees of roots. In the orientable case it
was proved [9, 10] that roots constructed by Margalit and Schleimer [8] were
of maximal degree. In the case of nonorientable surfaces this problem is a
bit more messy. For some genera g we give a concrete information about
the maximal possible degree of a root of a Dehn twist in M(Ng) and for
others we evaluate upper and lower bounds for a possible maximal degree
(Theorems 4.1 and 4.5).
In Section 5 we define primary roots of Dehn twists about nonseparating
circles and we prove that if g is large enough with respect to the fixed odd
integer n ≥ 3, then a Dehn twist about a nonseparating circle has a primary
root of degree n inM(Ng) (Theorems 5.1 and 5.2). Primary roots are also of
special interest in Section 6, where we give explicit expressions for a family
of examples of such roots.
2. Preliminaries
We represent g crosscaps on Ng,n by shaded disks (Figure 1) and enumer-
ate them from 1 to g. By a circle in Ng,n we mean a simple closed curve
Figure 1. A nonorientable surface Ng.
in Ng,n that is disjoint from the boundary ∂Ng,n. We identify a circle with
its isotopy class. According to whether a regular neighbourhood of a circle
is an annulus or a Mo¨bius strip, we call the circle two-sided or one-sided
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respectively. We say that a circle is generic if it does not bound a disk nor
a Mo¨bius strip. It is known (Corollary 4.5 of [13]) that if c is a generic
two-sided circle on Ng, g ≥ 3, then the Dehn twist tc is of infinite order in
M(Ng). On the other hand, if g ≤ 2, thenM(Ng) is finite, hence we restrict
our attention to the case g ≥ 3 throughout the paper. On oriented surfaces
we assume that Dehn twists twist to the left. On nonorientable surfaces
there is no canonical choice of the orientation in a regular neighbourhood
Sa of a two-sided circle a, but after choosing one, we can define the Dehn
twist about a in the usual way. We indicate the chosen local orientation by
arrows on the two sides of the circle which point the direction of ta, as it is
presented in Figure 2.
Figure 2. The Dehn twist on K = N2,1 about the two-sided circle a
passing through two crosscaps.
By ai, i = 1, . . . , g−1 we denote the two-sided circle passing once through
each of the crosscaps labelled with i and i+ 1 (Figure 1), by µj , j = 1, . . . , g
we denote the one-sided circle passing once through the crosscap labelled
with j. If g is even, then the circle b passing once through each of the g
crosscaps on Ng is two-sided and Ng \ b is orientable.
If c is a two-sided circle in Ng such that Ng \ c = Ng−2,2, then the Dehn
twist tc is conjugate to ta1 (with some choice of orientations). We say that
such a twist is of type A. When g is even, then there exists a second conjugacy
class of twists about nonseparating circles, consisting of twists tc about
circles c for which Ng \ c = S g−2
2
,2. We say that such twists are of type B.
Clearly, tb is of type B.
Let us recall, that there exists a surjective representation [3, 12]
ψ : M(Ng)→ O(H1(Ng;Z2)),
whereH1(Ng;Z2) is a linear space with basis [µ1], . . . , [µg], and O(H1(Ng;Z2))
are these linear automorphisms of H1(Ng;Z2) which preserve a Z2-valued in-
tersection pairing 〈 , 〉 defined by 〈[µi], [µj ]〉 = δij , 1 6 i, j 6 g. In particular,
for any f in M(Ng)
(2.1) ψ(f)Tψ(f) = ψ(f)T Igψ(f) = Ig mod 2.
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The matrices corresponding to Dehn twists ta1 and tb (with respect to the
basis [µ1], . . . , [µg]) are as follows [14]:
ψ(ta1) =
[
0 1
1 0
]
⊕ Ig−2
ψ(tb) = Ig +

1 1 1 . . . 1
1 1 1 . . . 1
...
...
...
. . .
...
1 1 1 . . . 1

g
where Ik is the identity matrix of rank k.
The following proposition and its proof is a nonorientable version of the
result of Monden (Section 5 of [10]).
Proposition 2.1. Let c be a nonseparating two-sided circle in a nonori-
entable surface Ng, g ≥ 3, and let f ∈M(Ng) be such that fn = tc for some
positive integer n. Then n is odd.
Proof. It is enough to show that there are no roots of degree 2 of Dehn twists
ta1 and tb (the latter occurs only when g is even).
Let A = ψ(ta1) and denote the corresponding matrix of a square root of
ta1 by P = (pij)i,j=1,...,g. By relation (2.1)
AP T = P 2P−1 = P mod 2.
Since A is a permutation matrix that interchanges the first two rows of P T ,
the above equality implies that
(1) pjk = pkj if {j, k} 6= {1, 2},
(2) p12 = p11 = p21.
In particular, P is symmetric. But then
A = P 2 = P · P = P · P T = P · P−1 = Ig mod 2
which is a contradiction.
Let B = ψ(tb) and denote by R = (rij)i,j=1,...,g the corresponding matrix
of the square root of tb. As before we get
BRT = R mod 2.
If we compare the entries on the diagonals of both sides, we get
∑g
k=1 rjk = 0
for j = 1, . . . , g (that is each column of RT sums up to 0). But this implies
that
R = BRT =
Ig +
1 1 . . . 1... ... . . . ...
1 1 . . . 1

g
RT = IgRT +
0 0 . . . 0... ... . . . ...
0 0 . . . 0

g
= RT .
Thus R is symmetric and as in the case of a square root of ta1 , we get a
contradiction. 
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In Section 6 we will use several relations that hold in the mapping class
groups to construct examples of roots of Dehn twists.
Proposition 2.2 (Chain relation [2, Proposition 4.12]). Let a1, . . . , ak,
k ≥ 1, be a chain of circles in an orientable surface S. If k is odd, then the
boundary of a closed regular neighbourhood of
k⋃
i=1
ai consists of two circles
c1 and c2 and
(t2a1ta2 · · · tak)k = tc1tc2 .
If k is even, the boundary of a closed regular neighbourhood of
k⋃
i=1
ai consists
of one circle c and (
(ta1 · · · tak)2
)k+1
= tc.
Proposition 2.3 (Star relation [5]). Let c1, c2, c3 denote the three boundary
components of a surface S1,3. Let a0, a1, a2, a3 be circles as in Figure 3.
Then
Figure 3. Circles defining the star relation.
(ta0ta1ta2ta3)
3 = tc1tc2tc3 .
The following relation is a common generalization of both the chain and
the star relations.
Proposition 2.4 (Trident relation). Let c1, c2, c3, a0, a1, . . . , a2g+1 be circles
in an oriented surface Sg,3 of genus g ≥ 1 with three boundary components
as in Figure 4. Then
(ta0ta1ta2 · · · ta2g+1)2g+1 = tc1tgc2tc3 .
Proof. Let T = ta0ta1ta2 · · · ta2g+1 and let a2g+2 be as in Figure 4. It is
straightforward to check that T (ak) = ak+1 for k = 2, 3, . . . , 2g + 1, and
T (a2g+2) = a2. In particular,
(2.2) T 2g+1(ak) = ak = tc1t
g
c2tc3(ak), for k = 2, 3, . . . , 2g + 1.
Now let λ1, λ2, . . . , λ2g+2 and µ1, µ2, . . . , µ2g+1 be arcs as in Figure 5. Then
T (λk) = λk+1 for k = 1, 2, . . . , 2g + 1. In particular,
(2.3) T 2g+1(λ1) = λ2g+2 = tc1t
g
c2tc3(λ1).
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Figure 4. Circles defining the trident relation.
Figure 5. Arcs λi and µi – the proof of the trident relation.
As for the circles µk, if H is a half twist about c2 such that H
2 = tc2 , then
H−1T (µk) = µk+1, for k = 1, 2, . . . , 2g, and T (µ2g+1) = µ1. Therefore,
(2.4)
T (H−1T )2g(µ1) = µ1,
T 2g+1(µ1) = H
2g(µ1) = t
g
c2(µ1) = tc1t
g
c2tc3(µ1).
Equations (2.2), (2.3) and (2.4) imply that T 2g+1 and tc1t
g
c2tc3 agree on all
circles and arcs in
{a2, a3, . . . , a2g+1, λ1, µ1} ,
and this set satisfies the assumptions of the Alexander Method (Proposition
2.8 of [2]). Hence, T 2g+1 = tc1t
g
c2tc3 . 
Remark 2.5. As B laz˙ej Szepietowski pointed out to us, Proposition 2.4 can
be also deduced from Proposition 2.12 of [7].
Corollary 2.6. Let c1, c2, c3, a0, a1, . . . , a2g+1 be circles in an oriented sur-
face Sg,3 of genus g ≥ 1 with three boundary components as in Figure 4. If
we glue a Mo¨bius strip along c2, obtaining a nonorientable surface N2g+1,2
of genus 2g + 1 with two boundary components, then
(ta0ta1ta2 · · · ta2g+1)2g+1 = tc1tc3 .
Proof. Recall (Theorem 3.4 of [1]) that the Dehn twist about a circle that
bounds a Mo¨bius strip is trivial. 
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Corollary 2.7. Let ai, bi, c1, c2, i = 0, 1, . . . , 2g+1, be circles in an oriented
surface S2g+1,2 of genus 2g + 1 ≥ 3 with two boundary components as in
Figure 6. Then
a2a4a2g+1
a3
c1
d2
d1
a2g b2 b4
b3b1 b2g
c2
a0 b0
a1
b2g+1
Figure 6. Circles ai, bi, c1, c2, d1, d2 – Corollary 2.7.
(
ta0ta1ta2 · · · ta2g+1
(
tb0tb1tb2 · · · tb2g+1
)−1)2g+1
= tc1t
−1
c2 .
Proof. By Proposition 2.4,
(ta0ta1ta2 · · · ta2g+1)2g+1 = tc1tgd1td2
(tb0tb1tb2 · · · tb2g+1)2g+1 = tc2tgd1td2 ,
where d1 and d2 are circles depicted in Figure 6. In order to finish the proof,
observe that ta0ta1 · · · ta2g+1 and tb0tb1 · · · tb2g+1 have disjoint supports, hence
they commute. 
Corollary 2.8. Let ai, bi, c1, c2, i = 0, 1, . . . , 2g+1, be circles in an oriented
surface S2g,2 of genus 2g ≥ 2 with two boundary components as in Figure 7.
Then
Figure 7. Circles ai, bi, c1, c2, d – Corollary 2.8.
(
ta0ta1ta2 · · · ta2g+1
(
tb0tb1tb2 · · · tb2g+1
)−1)2g+1
= tc1tc2 .
Proof. By Proposition 2.4,
(ta0ta1ta2 · · · ta2g+1)2g+1 = tc1tgdtc2
(tb0tb1tb2 · · · tb2g+1)2g+1 = tgd,
where d is the circle depicted in Figure 7. In order to finish the proof,
observe that ta0ta1 · · · ta2g+1 and tb0tb1 · · · tb2g+1 have disjoint supports, hence
they commute. 
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3. Data sets of roots of Dehn twists
Following Section 2 of [9] we define a data set of degree n as a tuple
(n, g0, (a, b); (c1, n1), . . . , (cm, nm)),
where n, g0, ni are non-negative integers, a, b are residue classes modulo n,
and each ci is a residue class modulo ni. Moreover, we assume that:
(D1) n > 1 is odd, each ni > 1, and each ni divides n,
(D2) gcd(a, n) = gcd(b, n) = 1 and each gcd(ci, ni) = 1.
If a data set satisfies additionally the following condition
(D3A) g0 ≥ 1 and b± a = ab mod n,
we say that this data set is of type A. If a data set satisfies (D1), (D2) and
(D3B) g0 ≥ 0 and b− a = ab mod n,
(D4B) a+ b+
∑m
i=1
n
ni
ci = 0 mod n,
then we say that this data set is of type B.
We define the genus of a data set by the formula:
g =

g0n+
m∑
i=1
n
ni
(ni − 1) if a data set is of type A,
2g0n+
m∑
i=1
n
ni
(ni − 1) if a data set is of type B.
Two data sets of type B are equivalent if they differ by an involution
(a, b, c1, c2, . . . , cm) 7→ (−b,−a,−c1,−c2, . . . ,−cm)
or reordering the pairs (c1, n1), . . . , (cm, nm). Two data sets of type A are
equivalent if they differ by a finite number of the following changes:
(1) interchanging a and b (note that this is possible only if both data
sets satisfy b+ a = ab mod n);
(2) changing (a, b) into (−b,−a) (note that this is possible only if both
data sets satisfy b− a = ab mod n);
(3) changing the sign of b or any of c1, . . . , cm;
(4) reordering the pairs (c1, n1), . . . , (cm, nm).
Theorem 3.1. Let c be a nonseparating two-sided circle in a nonorientable
surface Ng+2 of genus g + 2 ≥ 3, and let tc be the Dehn twist about c with
respect to some fixed orientation of the regular neighbourhood of c. For the
given odd integer n > 1 the conjugacy classes of roots of tc of degree n
correspond to the equivalence classes of data sets of genus g, degree n, and
type {
A if Ng \ c is nonorientable,
B if Ng \ c is orientable.
Proof. The general line of the proof is exactly the same as the proof of
Theorem 2.1 in [9], but there are some essential differences, hence we sketch
the argument indicating the changes forced by the nonorientability of Ng+2.
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We first construct a data set for a given root h of degree n of tc. As was
observed by Margalit and Schleimer [8], if hn = tc, then h must preserve the
isotopy class of c. Moreover, h must preserve the chosen orientation of the
regular neighbourhood of c and, by Proposition 2.1, h cannot interchange
the sides of c.
As in [9], we cut Ng+2 along c and fill the obtained two boundary compo-
nents with disks. As a result, we obtain a closed surface F which is either
a nonorientable surface of genus g or an orientable surface of genus g2 . We
will refer to the first situation as case A and to the second one as case B.
Up to isotopy we can assume that h(c) = c, hence h induces an element
t ∈ M(F ). Moreover, since hn = tc, t has order n in M(F ). By Kerckhoff
solution to the Nielsen realization problem [6], we can assume that t is in
fact a homeomorphism of F of order n. By construction, t has at least
two fixed points P and Q which correspond to the center points of the two
disks which we glued to Ng+2 \ c. Therefore, the action of the cyclic group
〈t | tn〉 ∼= Cn on F leads to the orbifold O = F/〈t〉 of genus g0 with two
cone points of order n and possibly other cone points xi, i = 1, . . . ,m, of
orders ni, where ni is a divisor of n. Moreover, the orbifold fundamental
group piorb1 (O) of O fits into the following short exact sequence:
1 // pi1(F ) // pi
orb
1 (O)
% // Cn // 1 .
Suppose first that we are in case B, that is F is orientable. We choose
the orientation of F so that it agrees in a neighbourhood of P with the
orientation induced by the orientation in the regular neighbourhood of c in
Ng+2. Thus, the orientation of F around Q is opposite to the orientation
induced by the orientation in the regular neighbourhood of c. Furthermore,
t is an orientation preserving homeomorphism of F . In particular, if 2pikn and
2pil
n are the rotation angles of t around P and Q respectively (with respect
to the chosen orientation of F ), then the condition hn = tc implies that
(3.1) k − l = 1 mod n.
We now choose generators for the orbifold fundamental group of O so
that
piorb1 (O) =
〈
α, β, γ1, . . . , γm, a1, b1, . . . , ag0 , bg0
∣∣∣
αn, βn, γn11 , . . . , γ
nm
m , αβγ1 · · · γm
g0∏
j=1
[aj , bj ]
〉
.
We can assume that lifts of αn and βn to pi1(F ) are loops around P and Q
respectively, and the lift of αn is positively oriented.
We now consider the images of generators of piorb1 (O) under the projection
% : piorb1 (O) → 〈t | tn〉. The lift of α is a 1n -th of a full loop encircling
P , so %(α) = ta, where ak = 1 mod n (recall that we assumed that the
rotation angle of t at P is 2kpin ) and, similarly, %(β) = t
b where bl = 1
mod n. Analogously, if we presume that the rotation angle at each point in
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the preimage of xi equals
2piyi
ni
with gcd(yi, ni) = 1, then %(γi) =
(
tn/ni
)ci
where ci is a residue class mod ni satisfying ciyi = 1 mod ni. In particular,
we get condition (D2) of the data set and (3.1) gives condition (D3B). The
long relation in the presentation of piorb1 (O) yields condition (D4B) of the
data set.
Observe also that F , as an orientable surface of genus g2 , has Euler char-
acteristic equal to 2 − g. Therefore, by the multiplicativity of the orbifold
Euler characteristic, we have
2− g
n
= 2− 2g0 + 2
(
1
n
− 1
)
+
m∑
i=1
(
1
ni
− 1
)
.
This implies that obtained data set has in fact genus g.
Finally, assume that f ∈M(Ng+2) is such that h′ = fhf−1 is also a root
of tc. If f does not interchange the sides of c, then the data sets for h and h
′
can only differ by a reordering of the pairs (c1, n1), . . . , (cm, nm). And if f
does interchange the sides of c, then f induces an orientation reversing map
of F which interchanges P and Q. As a result, homeomorphism t′ : F → F
induced by h′ = fhf−1 yields a data set with (a, b) changed into (−b,−a)
and ci changed into −ci. Hence, conjugate roots lead to equivalent data
sets.
Now let us turn to case A, so assume that F is nonorientable. The general
line of arguments is similar to that in case B, but there are some essential
differences.
Observe first that Proposition 2.1 implies that homeomorphism t : F → F
is of odd degree, hence it can have only isolated fixed points. Therefore, there
are no reflections in the orbifold fundamental group of O = F/〈t〉. So we
can choose generators for this group such that
piorb1 (O) =
〈
α, β, γ1, . . . , γm, µ1, µ2, . . . , µg0
∣∣∣
αn, βn, γn11 , . . . , γ
nm
m , αβγ1 · · · γm
g0∏
j=1
µ2j
〉
.
Moreover, we can assume that lifts of αn and βn to pi1(F ) are loops around
P and Q respectively, and the lift of αn to pi1(F ) is positively oriented with
respect to the orientation inherited from the regular neighbourhood of c
in Ng+2.
We now have two possibilities: either the lift of βn to pi1(F ) is positively
oriented with respect to the orientation induced from the regular neighbour-
hood of c, or not. In the first case, the rotation angles 2pikn and
2pil
n must
satisfy
k + l = 1 mod n
and in the second case, they satisfy
k − l = 1 mod n.
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This leads to condition (D3A). As for condition (D2), we obtain it in exactly
the same way as in case B.
Since F is a nonorientable surface of genus g, by the multiplicativity of
the orbifold Euler characteristic, we get
2− g
n
= 2− g0 + 2
(
1
n
− 1
)
+
m∑
i=1
(
1
ni
− 1
)
,
which implies that the obtained data set has genus g.
As for conjugacy classes of roots, if f ∈M(Ng+2) is such that h′ = fhf−1
is also a root of tc, then the map induced by f on F either does not change
the rotation angles around P and Q or it interchanges them. If f does not
interchange P and Q, then it must also preserve the local orientation around
P and consequently f maps (a, b) in the first data set to (a, b) in the second
data set. If f interchanges P with Q, then it sends (a, b) either to (b, a)
(this happens when b+ a = ab mod n), or to (−b,−a) (this happens when
b− a = ab mod n). Hence h and h′ have equivalent data sets.
Suppose now that we start from a data set. We construct the correspond-
ing orbifold O (nonorientable in case A, and orientable in case B), and the
representation
% : piorb1 (O)→ 〈t | tn〉.
In case B it turns out that we can always choose such a generating set for
piorb1 (O) that %(ai) = %(bi) = 1. The idea is to start with any generating set
and then slide the cone point corresponding to P around loops homologous
to ai or bi – for details see [9].
In case A, the situation is slightly more complicated. If we slide the cone
point corresponding to Q along a loop homologous to µ1µ2, then we get
new generators α′, β′, γ′1, . . . , γ′m, µ′1, µ′2, . . . , µ′g0 of pi
orb
1 (O) such that %(µ′1) =
%(µ1)%(β) and %(µ
′
2) = %(µ2)%(β). The images under % of the remaining
generators do not change. Since %(β) generates 〈t | tn〉, we can repeat such
slides until for the new µ1 we obtain %(µ1) = 1. By an obvious induction,
we can assume that
%(µ1) = %(µ2) = · · · = %(µg0−1) = 1.
Note also, that the long relation in piorb1 (O) gives
(3.2) %(µg0)
−2 = %(αβγ1 · · · γm).
Therefore %(µg0) is completely determined by the values of % on the remain-
ing generators of piorb1 (O).
As is explained in [9], the kernel of the homomorphism % is torsion-free,
hence we obtain a covering F → O, where F is a nonorientable surface of
genus g in case A (here we use the fact that n is odd), and F is an orientable
surface of genus g2 in case B. Then we remove disks around the fixed points
P and Q corresponding to α and β, and identify the resulting boundary
components with appropriate choice of orientations (depending on the type
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of the data set). This completes the construction of a root of tc from a given
data set.
We now claim that if we start from two roots of tc with equivalent data
sets
(n, g0, (a, b); (c1, n1), . . . , (cm, nm))
(n, g0, (a
′, b′); (c′1, n1), . . . , (c
′
m, nm))
of the same type, then after an appropriate choice of generators for the
respective orbifold fundamental groups and using the natural isomorphism
〈t | tn〉 ∼= 〈t′ | (t′)n〉, we can assume that the corresponding representations
% : piorb1 (O) → Cn and %′ : piorb1 (O′) → Cn are exactly the same, that is
%(α) = %′(α′), %(β) = %′(β′), %(γi) = %′(γ′i) and additionally{
%(µi) = %
′(µ′i) in case A
%(ai) = %
′(a′i), %(bi) = %
′(b′i) in case B.
Suppose first that we are in case B. As we observed before, we can assume
that both % and %′ map the hyperbolic generators to 1. Now the claim is
obvious if %(α) = ta = ta
′
= %′(α′) (because then automatically b = b′ and
{c1, . . . , cm} = {c′1, . . . , c′m}), and if %(α) = ta = t−b = %′(β′)−1, then we can
interchange the roles of α′ and β′ and additionally change the orientation of
the orbifold O′.
In case A, as we argued before, we can assume that %(µi) = %
′(µ′i) = 1
for i = 1, 2, . . . , g0 − 1. If (a, b) and (a′, b′) satisfy condition (D3A) with a
different sign, then we homeomorphically modify the generators of piorb1 (O′)
by sliding the cone point corresponding to Q around a loop homologous
to µg0 . As a result of such a conversion the new generator β
′′ satisfies
%′(β′′) = %′(β′)−1, the value of %′(µ′g0) changes to %
′(µ′′g0) = %
′(µ′g0)%
′(β′),
and the values of %′ on all other generators of piorb1 (O′) remain unchanged.
Thus, we can assume that both data sets satisfy condition (D3A) with the
same sign. Then, similarly as in case B, we can assume that %(α) = %′(α′)
and %(β) = %′(β′) (we possibly interchange α′ with β′). Moreover, by sliding
cone points xi around a loop homologous to µg0 , we can assume that %(γi) =
%′(γ′i). Finally, by (3.2), %(µg0) = %
′(µ′g0).
Hence, we can assume that the equivalent data sets correspond to identical
representations % and %′ and, as is explained in details in [9], such a situation
leads to conjugate roots of tc. 
As an immediate consequence of the above theorem, we obtain some restric-
tions on the existence of roots of Dehn twists about nonseparating circles.
Theorem 3.2. Let c be a nonseparating two-sided circle in a nonorientable
surface Ng+2 of genus g + 2.
(1) If Ng+2 \ c is nonorientable, then the Dehn twist tc has a nontrivial
root in M(Ng+2) if and only if g = 3 or g ≥ 5.
(2) If Ng+2 \ c is orientable, then g = 2g′ for some positive integer g′
and tc has a nontrivial root in M(Ng+2) if and only if g′ ≥ 2.
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Proof. The existence part of the theorem will be proved algebraically in
Section 4 (Theorems 5.1 and 5.2) and geometrically in Section 6, hence we
now concentrate on the ’only if’ part.
(1) By conditions (D1) and (D3A), the genus of a data set in case A
satisfies
g = n
(
g0 +
m∑
i=1
(
1− 1
ni
))
≥ 3.
Moreover, if g = 4, then g0 = 1, n = 3 and
m∑
i=1
(
1− 1ni
)
= 13 , but
this is not possible.
(2) The statement is trivial for g = 0, so it is enough to prove that there
is no data set of type B if g = 2. By condition (D1), the genus of a
data set in case B satisfies
g = n
(
2g0 +
m∑
i=1
(
1− 1
ni
))
.
Hence if g = 2, then n = 3, g0 = 0,m = 1 and n1 = 3. But then
condition (D3B) implies that a = 2 and b = 1, which contradicts
(D2) and (D4B).

4. Degrees of roots of Dehn twists.
Margalit and Schleimer [8] constructed a root of degree 2g + 1 of a Dehn
twist tc about a nonseparating circle c in an orientable surface Sg+1, where
g ≥ 1. Later McCullough, Rajeevsarathy and Monden proved that this is the
maximal possible degree of a root of tc (Corollary 2.2 of [9] and Corollary C
of [10]).
In the case of nonorientable surfaces the problem of determining the max-
imal degree of a root of a Dehn twist about a nonseparating circle is much
more complicated and we give only some partial results.
Theorem 4.1. Let c be a nonseparating two-sided circle in a nonorientable
surface Ng+2 of genus g + 2, where g = 3 or g ≥ 5, such that Ng+2 \ c is
nonorientable. Let N be the maximal possible degree of a nontrivial root of
the Dehn twist tc.
(1) If g is odd, then N = g.
(2) If g = 2lk for some odd integers l ≥ 1 and k, then N = 2l+13 · k. In
particular, g2 ≥ N > g3
(3) Let g = 2lk1k2 for even integer l ≥ 2 and some positive odd integers
k1, k2 such that 2
lk1 + 1 = 0 mod 3, and k1 is as small as possible
(for a fixed g). Then N = 2
lk1+1
3 · k2. In particular, g2 > N > g3 .
(4) Suppose that g does not satisfy (1) – (3) above and assume that there
exist odd integers 1 ≤ k ≤ g3 and k1, k2 ≥ 1 such that g + k = k1k2,
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where k1 + 1 = 0 mod 4 and k|k1+14 · k2. Then g3 > N ≥ k1+14 · k2.
In particular, g3 > N >
g
4 .
(5) Suppose that g does not satisfy (1) – (4) above and assume that
g = 22k for some odd integer k. Then N = k = g4 .
(6) If g does not satisfy (1) – (5) above, then g4 > N >
g
6 .
Proof. By conditions (D1) and (D3A), the genus of a data set in case A
satisfies
(4.1) g = n
(
g0 +
m∑
i=1
(
1− 1
ni
))
≥ ng0 ≥ n,
hence N ≤ g.
(1) If g is odd, then there is a data set of type A with n = g, g0 = 1,
(a, b) = (2, 2) and m = 0.
(2) Suppose first that l = 1, that is g = 2k and k is odd. In this case
there is a data set of type A with n = k, g0 = 2, (a, b) = (2, 2) and
m = 0.
It remains to show that this is the maximal possible degree. Ob-
serve that if g is even, then g0 cannot be odd, because otherwise the
right hand side of
g = ng0 +
m∑
i=1
(
n− n
ni
)
would be odd. Hence g0 ≥ 2 and (4.1) implies that n ≤ gg0 ≤
g
2 .
This completes the proof for l = 1.
Note that n = g2 implies that m = 0 and g = 2n which proves
that if l > 1 or in cases (3) – (6) we have either g0 ≥ 4 or g0 = 2
and m ≥ 1. Moreover, if g0 ≥ 4, then (4.1) implies that n ≤ gg0 ≤
g
4 ,
therefore assume that g0 = 2. If m ≥ 2, then
g = 2n+
m∑
i=1
(
n− n
ni
)
≥ 2n+ 2
(
n− n
3
)
=
10
3
n > 3n,
so assume that m = 1. In this case, we have
g = 2lk = 3n− n
n1
=
n
n1
(3n1 − 1),
hence 3n1−1 = 2ls for some integer s such that s
∣∣k and nn1 = ks . As
a result
n = n1 · n
n1
=
2ls+ 1
3
· k
s
=
2l + 1s
3
· k ≤ 2
l + 1
3
· k
with equality if and only if s = 1. On the other hand, there is a
data set of type A with n = 2
l+1
3 · k, g0 = 2, m = 1, n1 = 2
l+1
3 and
(a, b, c1) = (2, 2, 1).
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(3) As we observed in the proof of the previous point, we can assume
that g = 2, m = 1 and then
n =
2ls+ 1
3
· k1k2
s
=
2l + 1s
3
· k1k2
for some integer s such that s
∣∣k1k2 and n1 = 2ls+13 ∈ Z. By assump-
tion, s = k1 is the smallest positive integer with these properties (for
a fixed g), hence
n ≤ 2
lk1 + 1
3
· k1k2
k1
=
2lk1 + 1
3
· k2.
This maximal possible value of n is realised by the data set of type A
with g0 = 2, m = 1, n1 =
2lk1+1
3 and (a, b, c1) = (2, 2, 1).
(4) If g does not satisfy the assumptions of (1) – (3), then either g0 ≥ 4
or g0 = 2 and m ≥ 2. In both cases g > 3n. On the other hand, if
g satisfies (4), then there is a data set of type A with n = k1+14 · k2,
g0 = 2, m = 2, n1 =
k1+1
4 , n2 =
n
k and (a, b, c1, c2) = (2, 2, 1, 1).
(5) If g = 22k for an odd integer k, then there is a data set of type A
with n = k, g0 = 4, m = 0 and (a, b) = (2, 2). It remains to show
that g ≥ 4n if g does not satisfy assumptions of (1) – (4).
As we observed in the proof of the previous point, if g does not
satisfy the assumptions of (1) – (3), then either g0 ≥ 4 or g0 = 2
and m ≥ 2. Moreover, g0 = 4 implies that n ≤ g4 , hence assume that
g0 = 2. If m ≥ 3, then
g = 2n+
m∑
i=1
(
n− n
ni
)
≥ 2n+ 3
(
n− n
3
)
= 4n,
so assume that m = 2. In this case, we have
g = 2n+
(
n− n
n1
)
+
(
n− n
n2
)
= − n
n2
+
n
n1
(4n1 − 1).
If we set k1 = 4n1 − 1, k2 = nn1 and k = nn2 , then we obtain positive
odd integers such that k ≤ n3 < g3 and
g + k =
n
n1
(4n1 − 1) = k1k2.
This implies that g satisfies (4).
(6) At this point we know that if g does not satisfies (1) – (4) then
g ≥ 4n. Moreover, if g = 4n, then g satisfies (5), so g > 4n in
case (6).
Observe also that g is even and g 6= 2 mod 6 (because otherwise
g would satisfy the assumptions of (1), (2) or (3)). If g = 6k − 2
for some integer k > 0, then k must be odd, because otherwise g
would satisfy the assumptions of (2). Hence, there is a data set of
type A with n = k, g0 = 4, m = 2, n1 = n2 = n and (a, b, c1, c2) =
(2, 2, 1, 1). In particular, N ≥ g+26 > g6 .
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Finally, if g = 0 mod 6, then g = 22l · 3k for some odd integer
k and l ≥ 2 (because otherwise g would satisfy the assumptions
of (2) or (5)). In this case there exists a data set of type A with
n = 2
2l·3+6
6 · k = (22l−1 + 1)k, g0 = 4, m = 2, n1 = n2 = n3k and
(a, b, c1, c2) = (2, 2, 1, 1). In particular, N >
g
6 .

Remark 4.2. It can be checked using a computer (with a GAP [4] program
similar to that described in Section 3 of [9]) that there are 10 values of
g ≤ 500 for which N < g4 (that is, values of g which do not satisfy the
assumptions of cases (1) – (5) of Theorem 4.1).
g g/N Data set for a maximal root
16 = 24 5.33 (3, 4, (2, 2); (1, 3), (1, 3))
48 = 24 · 3 5.33 (9, 4, (2, 2); (1, 3), (1, 3))
64 = 26 4.27 (15, 2, (2, 2); (1, 5), (1, 5), (1, 3))
112 = 24 · 7 4.87 (23, 2, (2, 2); (1, 23), (1, 23), (1, 23))
144 = 24 · 32 4.97 (29, 4, (2, 2); (1, 29))
192 = 26 · 3 4.27 (45, 2, (2, 2); (1, 5), (1, 5), (1, 3))
256 = 28 5.69 (45, 4, (2, 2); (1, 9), (1, 5))
304 = 24 · 19 4.83 (63, 2, (2, 2); (1, 63), (1, 63), (1, 7))
336 = 24 · 3 · 7 4.87 (69, 2, (2, 2); (1, 23), (1, 23), (1, 23))
496 = 24 · 31 4.72 (105, 2, (2, 2); (1, 15), (1, 15), (1, 7))
The above examples indicate that there is no much room to improve the
general bound N > g6 of Theorem 4.1.
As we will see in the proof of Theorem 4.5 below, case B is much more
involving, because in this case there is an additional arithmetic condition
(D4B) that imposes further constraints on the existence of data sets. For
this reason we need the following two technical lemmas.
Lemma 4.3. Let n = n1d, where n1, d ≥ 3 are odd integers. Consider the
following system of equations
(4.2)

gcd(a, n) = gcd(b, n) = gcd(c1, n1) = 1
b− a = ab mod n
a+ b+ c1d = 0 mod n
in three variables a, b, c1 ∈ Z.
(1) If n1 = 0 mod 3 and d 6= 0 mod 3, then system (4.2) has no solu-
tion.
(2) If n1 = d = 0 mod 3 or n1 6= 0 mod 3, then system (4.2) has a
solution.
Proof. If (a, b, c1) is a solution of (4.2), then{
b− a = ab mod d
a+ b = −c1d = 0 mod d.
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These two conditions imply that (a, b) = (2,−2) mod d, so we can assume
that
a = a1d+ 2, b = b1d− 2, for some a1, b1 ∈ {0, 1, . . . , n1 − 1}.
System (4.2) yields{
0 = ab− b+ a = (a1b1d+ b1 − a1)d mod dn1
0 = a+ b+ c1d = (a1 + b1 + c1)d mod dn1.
Equivalently,
(4.3)
{
a1b1d+ b1 − a1 = 0 mod n1
a1 + b1 + c1 = 0 mod n1.
Note that if a1 = 0 or b1 = 0, then the first equation of (4.3) implies that
a1 = b1 = 0. But then the second equation gives c1 = 0 mod n, which is a
contradiction with (4.2). Hence a1 6= 0 and b1 6= 0.
If n1 = 0 mod 3, then the second equation of (4.3) implies that a1 =
b1 6= 0 mod 3 (otherwise c1 = 0 mod 3). But then, the first equation of
(4.3) implies that d = 0 mod 3. This completes the proof of (1).
Assume now that n1 = d = 0 mod 3. Define p = p1 · p2 · · · pi to be the
product of all common prime divisors of d3 and n1, and let q = q1 · q2 · · · qj
be the product of all prime divisors of n1 different from p1, . . . , pi. If one of
these sets of primes is empty, we define p = 1 or q = 1 respectively. Let a1
be a solution of the set of congruences{
a1 = −
(
d
3
)−1
mod q
a1 = 1 mod p.
(If p = 1 or q = 1, then we solve only one equation.) It is apparent from
this definition that gcd(a1, n1) = 1 and{
a1d = −3 mod q
a1d = 0 mod p.
Hence, gcd(a1d + 1, n1) = gcd(a1d + 2, n1) = 1 and we can define b1 as
a1(a1d+ 1)
−1 mod n1. It is straightforward to check that:
• If c1 = −(a1 + b1) mod n1, then
gcd(−c1, n1) = gcd(a1 + a1(a1d+ 1)−1, n1)
= gcd(a1(a1d+ 1) + a1, n1) = gcd(a1(a1d+ 2), n1) = 1.
• If a = a1d + 2 and b = b1d − 2, then gcd(a, d) = gcd(b, d) =
gcd(a, n1) = 1 and
(a1d)(b1d) + b1d− a1d = 0 mod n1.
18 ANNA PARLAK MICHA L STUKOW
This implies that {
2b1d = 3 mod q
b1d = 0 mod p.
Hence, gcd(b, n1) = 1 and gcd(a, n) = gcd(b, n) = 1.
• (a1, b1, c1) satisfy (4.3).
This completes the proof that
(a, b, c1) = (a1d+ 2, b1d− 2,−(a1 + b1))
is a solution of (4.2).
Finally, if n1 6= 0 mod 3, then we can simplify the above argument by
defining p = p1 · p2 · · · pi to be the product of all common prime divisors
of d and n1, and q = q1 · q2 · · · qj be the product of all prime divisors of
n1 different from p1, . . . , pi. We then define a1 as a solution of the set of
congruences {
a1 = −3d−1 mod q
a1 = 1 mod p.
As before, this gives {
a1d = −3 mod q
a1d = 0 mod p
and we can repeat the same argument as in the case of n1 = d = 0 mod 3.
This completes the proof of (2). 
Lemma 4.4. Let n ≥ 3 be an odd integer. The following system of equations
(4.4)

gcd(a, n) = gcd(b, n) = gcd(c1, n) = 1
b− a = ab mod n
a+ b+ c1 = 0 mod n
in three variables a, b, c1 ∈ Z has a solution if and only if n 6= 0 mod 3.
Proof. If (a, b, c1) is a solution of (4.4), then clearly a, b 6= 0 mod n and
a 6= b mod n. In particular, if n = 0 mod 3, then a+b = 0 mod 3 and the
third equation of (4.4) implies that c1 = 0 mod 3, which is a contradiction.
On the other hand, if n 6= 0 mod 3, then
(a, b, c1) =
(
n+ 3
2
,−3, n+ 3
2
)
is a solution of (4.4). 
Theorem 4.5. Let c be a nonseparating two-sided circle in a nonorientable
surface N2g′+2 of genus 2g
′ + 2, where g′ ≥ 2, such that N2g′+2 \ c is ori-
entable. Let N be the maximal possible degree of a nontrivial root of the
Dehn twist tc.
(1) If g′ = 3k for some odd integer k, then N = 3g′.
(2) If g′ = 2k for some odd integer k, then N = 52g
′.
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(3) If g′ = 22 · 3k for some odd integer k, then N = 94g′.
(4) If g′ does not satisfy (1) and g′ = 5k for some odd integer k, then
N = 115 g
′.
(5) If g′ = 23k for some odd integer k, then N = 178 g
′.
(6) If g′ does not satisfy (1) nor (4) and g′ = 11k for some odd integer
k, then N = 2311g
′.
(7) If g′ = 24 · 3k for some odd integer k, then N = 3316g′.
(8) If g′ does not satisfy (1), (4) nor (6) and g′ = 17k for some odd
integer k, then N = 3517g
′.
(9) If g′ = l · 3k, where l = 1 mod 3, k is odd and g′ does not satisfy
(1) – (8), then 4120g
′ ≥ N ≥ 2l+1l · g′ > 2g′.
(10) If g′ = l · k, where l = 2 mod 3, k is odd and g′ does not satisfy (1)
– (9), then 4120g
′ ≥ N ≥ 2l+1l · g′ > 2g′. If additionally g′ is prime,
then N = 2g′ + 1.
(11) If g′ does not satisfy (1) – (10) and g′ = 1 mod 6, then 54g
′ ≥ N ≥
g′.
(12) If g′ does not satisfy (1) – (11), then g′ = 4 mod 12 and 54g
′ ≥ N ≥
g′ + 1.
Proof. The genus of a data set in case B satisfies
2g′ = n
(
2g0 +
m∑
i=1
(
1− 1
ni
))
.
This implies that if g0 ≥ 1, then n ≤ g′. Thus, for the rest of the proof
assume that g0 = 0 and therefore m ≥ 1. But when m ≥ 3, then
2g′ ≥ 3
(
n− n
3
)
= 2n,
hence for the rest of the proof we assume that m = 1 or m = 2.
Note also that if m = 2, then
(4.5) 2g′ ≥ 2
(
n− n
3
)
=
4
3
n,
which implies that n ≤ 32g′.
Suppose first that m = 1. Thus
(4.6) g′ =
1
2
n
(
1− 1
n1
)
=
n
n1
· n1 − 1
2
= d · n1 − 1
2
,
where d = nn1 . In particular, for a fixed g
′, smaller values of n1 yield bigger
values of n. Let analyse the existence of data sets satisfying (4.6) for small
values of n1.
If n1 = 3, then d > 1 and Lemma 4.3 implies that d = 0 mod 3, therefore
g′ = 3k for some odd integer k. The same lemma guarantees the existence
of a, b, c1 satisfying (D2), (D3B) and (D4B), hence there is a data set of type
B with n = 3g′. This completes the proof of (1).
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If n1 = 5, then (4.6) implies that g
′ = 2k for odd k. Conversely, if g′ = 2k
for some odd integer k, then by Lemmas 4.3 and 4.4 there is a data set of
type B with n = 52g
′ (we need Lemma 4.4 if g′ = 2). This proves (2).
If n1 = 7, then (4.6) implies that g
′ = 3d, which means that g′ satisfies
the assumptions of (1).
If n1 = 9, n1 = 11, n1 = 17, n1 = 23, n1 = 33 or n1 = 35, then (4.6) and
Lemma 4.3 imply that for some odd integer k, we have g′ = 22 · 3k, g′ = 5k,
g′ = 23k, g′ = 11k, g′ = 24 · 3k or g′ = 17k respectively. Moreover, in each
of these cases Lemmas 4.3 and 4.4 give a data set of type B of the desired
degree.
On the other hand, if n1 ∈ {13, 15, 19, 21, 25, 27, 29, 31, 37, 39}, then the
situation is the same as in the case of n1 = 7, that is there exists a data set
of genus g′ with smaller n1 (for n1 ∈ {15, 27, 39} we use Lemma 4.3 to show
that g = 0 mod 3). This completes the proof of cases (4) – (8) and it also
proves that
(4.7) n ≤ 2g
′
1− 141
=
41
20
g′
if g′ does not satisfy the assumptions of (1) – (8).
In fact, Lemmas 4.3 and 4.4 give us a more general result:
• If g′ = l · 3k for l = 1 mod 3 and an odd integer k, then there exists
a data set of type B with g0 = 0, m = 1 and
n =
2l + 1
l
· g′ = (2l + 1) · 3k = 2g′ + 3k
(apply Lemma 4.3 with n1 = 2l + 1 and d = 3k).
• If g′ = l · k for l = 2 mod 3 and an odd integer k, then there exists
a data set of type B with g0 = 0, m = 1 and
n =
2l + 1
l
· g′ = (2l + 1) · k = 2g′ + k
(apply Lemma 4.3 with n1 = 2l + 1, d = k if k > 1, and Lemma 4.4
if k = 1). Moreover, if g′ is prime, then k = 1 and n = 2g′+ 1 is the
maximal possible degree of a root of tc.
This completes the proof of cases (9) and (10).
Note that applying Lemma 4.3 or Lemma 4.4 with n1 = 2l + 1 for l = 0
mod 3 yields g′ = l · k = 3st · k for some s ≥ 1 and t 6= 0 mod 3 which
therefore satisfies (9), when t = 1 mod 3, and (10) when t = 2 mod 3. In
particular, this implies that if g′ does not satisfy (1) – (10), then m ≥ 2.
Moreover, when g′ does not satisfy (1) – (10) it must hold that g′ = 1
mod 3. That is the case, because:
• g′ = 2 mod 3 satisfies the assumptions of (10) with k = 1;
• g′ = 3 · 2s · t for some odd integers s and t satisfies (10) with l = 2s,
k = 3t;
• g′ = 3 · 2s · t for an even integer s and an odd integer t satisfies the
assumptions of (9) with l = 2s and k = t.
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From now on we assume that g′ does not satisfy (1) – (10), hence we
concentrate on the case m = 2 and g′ = 1 mod 3.
If (n1, n2) = (3, 3), then (4.5) implies that g
′ = 23n satisfies the assump-
tions of (2). Similarly, if (n1, n2) = (3, 5), then g
′ = 1115n satisfies assumptions
of (1), (4) or (6).
For (n1, n2) = (3, 7) we obtain g
′ = 1621n = 16k for some odd integer
k = n21 and condition (D3B) yields
b− a = ab mod 3.
This implies that a 6= b mod 3 and condition (D4B) gives
a+ b+ c1 · n
3
+ c2 · n
7
= 0 mod 3.
It follows that c1 · n3 = 0 mod 3, which proves that k = n21 = 0 mod 3 (be-
cause gcd(c1, n1) = 1). Hence, g
′ satisfies the assumptions of condition (7).
Thus (n1, n2) 6∈ {(3, 3), (3, 5), (3, 7)} and
2g′ ≥
(
n− n
5
)
+
(
n− n
5
)
=
8
5
n,
which proves that n ≤ 54g′ for all data sets with m = 2.
On the other hand, if g′ is odd, then there is a data set of type B:(
g′, 1, (2,−2); ) ,
which gives a root of degree g′. This completes the proof of (11).
Finally, if g′ does not satisfy (1) – (11), then g′ = 1 mod 3 and g′ = 0
mod 4, hence g′ = 4 mod 12. In such a case, there is a data set(
g′ + 1, 0, (2,−2); (1, g′ + 1), (−1, g′ + 1)) ,
which gives a root of degree g′ + 1. This completes the proof of (12). 
Remark 4.6. Using a computer it can be checked that there are 59 values of
g′ ≤ 500 satisfying the assumptions of case (11) and for 31 of these values
N = g′.
As for case (12), there are 24 values of g′ ≤ 500 satisfying the assumptions
of this case and only for four of these values: g′ ∈ {4, 16, 64, 256} we have
N = g′ + 1. The reason for the deficiency of genera with N = g′ + 1 follows
from the fact that if g′ = 2lk, where l ≥ 1 and k is odd, then there is a data
set (
2l + 1
2l
· g′, 0, (2,−2); (1, k), (−1, k)
)
of type B. This data set gives a root of degree n > g′+ 1 if k > 1. There are
19 values of g′ ≤ 500 satisfying the assumptions of (12) for which N > g′+1
and for which the above data set gives a root of the maximal degree.
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5. Primary roots of Dehn twists.
As was observed by McCullough and Rajeevsarathy (Corollary 3.1 of [9]),
for each odd n > 1 and g + 1 > (n−2)(n−1)2 in the mapping class groupM(Sg+1) there exists a primary root of degree n of the Dehn twist tc about
a nonseparating circle in Sg+1. As we will show below, a similar statement
holds in the nonorientable case too.
Following [9], we say that a root of a Dehn twist is primary if in the
corresponding data set we have ni = n for i = 1, . . . ,m. In particular, if n
is prime, then all roots of degree n are primary.
Theorem 5.1. Let c be a nonseparating two-sided circle in a nonorientable
surface Ng+2 of genus g + 2, such that Ng+2 \ c is nonorientable, and let
n ≥ 3 be an odd integer.
(1) If g > (n− 1)2, then there is a primary root of degree n of the Dehn
twist tc.
(2) If g = (n − 1)2 or g < n, then there is no primary root of tc of
degree n.
Proof. Observe first that for each g0 ≥ 1 and m ≥ 0 there exists a primary
data set of type A. In fact, we can always take a = b = 2 and ci = 1,
i = 1, . . . ,m. The genus of a primary data set of type A is given by the
formula
g = g0n+m(n− 1) = (g0 +m)(n− 1) + g0 = (g0 +m)n0 + g0,
where n0 = n− 1.
We collect all possible values of g (for a fixed n) in a table, where sub-
sequent rows correspond to values of g0 ∈ {1, 2, . . . , (n − 1)}, and elements
of each row increase according to increasing values of m ∈ {0, 1, 2, . . .}. The
first three columns of such a table are as follows.
n0 + 1, 2n0 + 1, 3n0 + 1,
2n0 + 2, 3n0 + 2, 4n0 + 2,
. . . . . . . . .
(n− 3)n0 + (n− 3), (n− 2)n0 + (n− 3), (n− 1)n0 + (n− 3),
(n− 2)n0 + (n− 2), (n− 1)n0 + (n− 2), nn0 + (n− 2),
(n− 1)n0 + (n− 1), nn0 + (n− 1), (n+ 1)n0 + (n− 1).
It should be clear from the above table that for each l ≥ 1 there exists a
primary data set of type A with g = (n − 1)n0 + l. Moreover, there is no
primary data set with g = (n− 1)2 = (n− 2)n0 + (n− 1) and there are no
primary data sets with g < n0 + 1 = (n− 1) + 1 = n. 
Theorem 5.2. Let c be a nonseparating two-sided circle in a nonorientable
surface N2g′+2 of genus 2g
′ + 2, g′ > 0, such that N2g′+2 \ c is orientable.
Let n ≥ 3 be an odd integer.
(1) Assume that n 6= 0 mod 3.
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– If g′ ≥ (n−3)(n−1)2 , then there is a primary root of degree n of
the Dehn twist tc.
– If g′ = (n−3)(n−1)2 −1 or g′ < n−12 , then there is no primary root
of tc of degree n.
(2) Assume that n = 0 mod 3.
– If g′ ≥ (n−3)(n−1)2 and g′ 6= n
2−2n−1
2 , then there is a primary
root of degree n of tc.
– If g′ = (n−3)(n−1)2 − 1, g′ = n
2−2n−1
2 or g
′ < n− 1, then there is
no primary root of tc of degree n.
Proof. Observe first that for each g0 ≥ 0 and m ≥ 2 we can construct a data
set of type B with (a, b) = (2,−2) and all ci ∈ {−4,−2,−1, 1} (we choose
them so that they satisfy (D4B)). There are also data sets with m = 0 and
(a, b) = (2,−2) provided g0 ≥ 1 (g0 = 0 corresponds to the exceptional case
of the Klein bottle), whereas from Lemma 4.4 we know that primary data
sets of type B with m = 1 exists if and only if n 6= 0 mod 3.
The genus of a primary data set of type B is given by the formula
g′ = g0n+
1
2
m(n− 1) = (2g0 +m) · n− 1
2
+ g0 = (2g0 +m)n0 + g0,
where n0 =
n−1
2 .
We collect all possible values of g′ (for a fixed n) in a table, where subse-
quent rows correspond to values of g0 ∈
{
0, 1, 2, . . . , n−32
}
, and elements of
each row increase according to increasing values of m ∈ {0, 1, 2, . . .}. The
first three columns of such a table are as follows.
0 · n0 + 0, n0 + 0, 2n0 + 0,
2n0 + 1, 3n0 + 1, 4n0 + 1,
. . . . . . . . .
(n− 5)n0 + n−52 , (n− 4)n0 + n−52 , (n− 3)n0 + n−52 ,
(n− 3)n0 + n−32 , (n− 2)n0 + n−32 , (n− 1)n0 + n−32 .
It should be clear from the above table, that for each l ≥ 0 and
g′ 6= (n− 2)n0 + n− 3
2
=
n2 − 2n− 1
2
there exists a primary data set of type B with g = (n − 3)n0 + l. As
for g = n
2−2n−1
2 , a root of this degree exists if and only if n 6= 0 mod 3.
Moreover, there is no primary data set with
g′ = (n− 3)n0 − 1 = (n− 4)n0 + n− 3
2
,
and there are no primary data sets with g′ < n0 = n−12 . There is also no
data set with g′ = n0 if n = 0 mod 3. 
As was observed in [9] and [10], Dehn twists about nonseparating circles
in an orientable surface of genus g + 1 ≥ 2 always have a root of degree 3
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in M(Sg+1). It turns out that a similar statement holds true also in the
nonorientable case.
Corollary 5.3. Let c be a nonseparating two-sided circle in a nonorientable
surface Ng. If a Dehn twist tc has a nontrivial root, then it has a root of
degree 3.
Proof. Suppose first that Ng \ c is nonorientable. By Theorem 5.1, if g ≥ 5
then tc has a root of degree 3. Moreover, there is a data set of type A with
g0 = 1, m = 0 and (a, b) = (2, 2) which defines a root of degree 3 of tc if
g = 3. By Theorem 3.2, this completes the proof in case A.
If Ng \ c is orientable, then the proof is an immediate consequence of
Theorems 3.2 and 5.2. 
6. Expressions for primary roots.
In this section we construct primary roots of Dehn twists of all possible
degrees. To be more precise, recall from the previous section, that the genus
of a primary data set of type A and degree n is given by the formula
(6.1) g = g0n+m(n− 1),
where g0 ≥ 1 and m ≥ 0. Similarly, if g = 2g′ is the genus of a primary data
set of type B and degree n, then
(6.2) g′ = g0n+
1
2
m(n− 1),
where g0 ≥ 0 and m ≥ 0. Our goal is to explicitly construct examples of such
roots for all possible values of n, g0 and m. By an ’explicit construction’ we
mean an expression as a product of Dehn twists on Ng+2 — note that by
Proposition 2.1, each root h of a Dehn twist on Ng+2 is a product of twists,
that is, h is an element of the twist subgroup T (Ng+2) of M(Ng+2).
In the oriented case, for n = 3, a similar construction was carried out by
Monden [10]. His construction is based on the star and the chain relations,
but it turns out that these relations are not enough if we want to construct
roots with n > 3. In such a case we need more general relations and this is
exactly the reason for introducing the trident relation (Proposition 2.4).
Roots of Dehn twists of type A. Fix g0 ≥ 1, m ≥ 0, an odd integer n ≥ 3
and consider a surface N which is decomposed as a sum of g0 nonorientable
surfaces Nn,2 of genus n with two boundary components and m orientable
surfaces Sn−1
2
,2 of genus
n−1
2 with two boundary components (Figure 8).
By (6.1), N is a nonorientable surface of genus g and has two boundary
components. Let
c1, c2, . . . , cg0 , cg0+1, . . . , cg0+m, cg0+m+1,
ai0, a
i
1, a
i
2, . . . , a
i
n, for i = 1, . . . , g0,
ai1, a
i
2, . . . , a
i
n, for i = g0 + 1, . . . , g0 +m
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Figure 8. A decomposition of Ng+2 \ c = Ng,2 into g0 subsurfaces
Nn,2 and m subsurfaces Sn−1
2
,2.
be circles as in Figure 8, that is ci and ci+1 bound a nonorientable subsurface
Nn,2 of genus n if i = 1, . . . , g0, and they bound an oriented subsurface Sn−1
2
,2
of genus n−12 if i = g0 + 1, . . . , g0 +m. Let
δi = tai0
tai1
tai2
. . . tain , for i = 1, . . . , g0,
δi = t
2
ai1
tai2
tai3
. . . tain , for i = g0 + 1, . . . , g0 +m.
By Proposition 2.2 and Corollary 2.6,
δni = tcitci+1 , for i = 1, . . . , g0 +m,
Hence, if
ζ =
{
δ1δ
−1
2 δ3δ
−1
4 · · · δg0+m−1δ−1g0+m if g0 +m is even
δ1δ
−1
2 δ3δ
−1
4 · · · δ−1g0+m−1δg0+m if g0 +m is odd,
then
ζn =
{
tc1t
−1
cg0+m+1
if g0 +m is even
tc1tcg0+m+1 if g0 +m is odd.
Let Ng+2 be a closed surface obtained from N = Ng,2 by gluing c1 to cg0+m+1
with such a choice of orientations that the element ξ ∈M(Ng+2) induced by
ζ ∈ M(Ng,2) satisfies ξn = t2c , where c is a circle in Ng+2 obtained from c1
in Ng,2. Since ξ commutes with tc, we obtain that
h = ξ
n+1
2 t−1c
is a desired root of degree n of tc.
Remark 6.1. From the proof of Proposition 2.4 it follows that for each i =
g0 + 1, . . . , g0 + m, δi has one fixed point in the corresponding subsurface
Sn−1
2
,2 around which it locally acts like a rotation through an angle
2pi
n · n−12
(this can also be deduced from [8]). Furthermore, for each i = 1, . . . , g0, δi
has no fixed points in the corresponding subsurface Nn,2. Hence, ζ has m
fixed points in Ng,2 and locally around them it acts like a rotation through
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an angle ±2pin · n−12 . Therefore h constructed above corresponds to the data
set
(n, g0, (2,±2); (±4, n), (±4, n), . . . , (±4, n)).
Remark 6.2. Let us mention that there is a different natural construction of
a root of tc which has equivalent data set to the data set of a root h defined
above. We start from the same decomposition of N as a connected sum of g0
nonorientable surfaces Nn,2 of genus n and m orientable surfaces Sn−1
2
,2 of
genus n−12 , but now we use a different model for surfaces Nn,2 – we represent
each of them as an annulus with n crosscaps µi1, µ
i
2, . . . , µ
i
n, i = 1, 2, . . . , g0
(Figure 9). Let uj,i be a crosscap transposition of µ
i
j and µ
i
j+1, i = 1, 2, . . . , g0,
Figure 9. A decomposition of Ng+2 \ c = Ng,2 into g0 subsurfaces
Nn,2 and m subsurfaces Sn−1
2
,2.
j = 1, 2, . . . , n− 1 (for a definition see for example Section 2 of [11]) and let
ηi = t
−1
ci+1tziu1,iu2,i · · ·un−1,i, for i = 1, . . . , g0,
where zi is as in Figure 9. Geometrically, ηi is a natural cyclic rotation of n
crosscaps on Nn,2, so it does not have any fixed points and
ηni = tcit
−1
ci+1 , for i = 1, . . . , g0,.
Thus if
ζ =
{
η1η2 · · · ηg0δg0+1δ−1g0+2δg0+3 · · · δg0+m−1δ−1g0+m if m is even
η1η2 · · · ηg0δg0+1δ−1g0+2δg0+3 · · · δ−1g0+m−1δg0+m if m is odd,
then
ζn =
{
tc1t
−1
cg0+m+1
if m is even
tc1tcg0+m+1 if m is odd
and we can complete the construction of a root as before.
In particular, when g = n is odd (hence g0 = 1, m = 0), then Theorem 3.1
implies that the natural cyclic rotation u1,1u2,1 · · ·ug−1,1 of g crosscaps onNg
is conjugate to ta10ta11ta12 · · · ta1g in M(Ng).
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Roots of Dehn twists of type B. Fix g0 ≥ 0, m ≥ 0, an odd integer
n ≥ 3 and consider a surface S decomposed as a sum of g0 oriented surfaces
S1, S2, . . . , Sg0 of genus n with two boundary components and m oriented
surfaces Sg0+1, Sg0+2, . . . , Sg0+m of genus n−12 with two boundary compo-
nents (Figure 10). By (6.2), S is an orientable surface of genus g′ and has
Figure 10. A decomposition of Ng+2 \ c = Ng,2 into g0 subsurfaces
Sn,2 and m subsurfaces Sn−1
2
,2.
two boundary components. Let
c1, c2, . . . , cg0 , cg0+1, . . . , cg0+m, cg0+m+1
be circles as in Figure 10, that is ci and ci+1 bound an oriented subsurface
Si of genus n if i = 1, . . . , g0, and they bound an oriented subsurface S
i of
genus n−12 if i = g0 + 1, . . . , g0 +m.
By Corollary 2.7, for each i = 1, . . . , g0, there exists a product δi of Dehn
twists with support in Si and such that
δni = tcit
−1
ci+1 .
Similarly, from Proposition 2.2 if follows that for each i = g0 + 1, . . . , g0 +m
there exists a product δi of Dehn twists with support in S
i such that
δni = tcitci+1 .
We will need two more products δ and θ of Dehn twists. The first one is
supported in Sg0+m−1 ∪ Sg0+m and satisfies
δn = tcg0+m−1tcg0+m+1
and the second one is supported in Sg0+m and satisfies
θn = tcg0+mt
n−1
2
cg0+m+1
.
The existence of δ is a straightforward consequence of Corollary 2.8 and
to construct θ take n = 2g + 1 and glue a disk to c3 in the statement of
Proposition 2.4.
Thus if
ζ =

δ1δ2 · · · δg0δg0+1δ−1g0+2δg0+3 · · · δg0+m−1δ−1g0+m if m ≥ 0 is even
δ1δ2 · · · δg0δg0+1δ−1g0+2δg0+3 · · · δ−1g0+m−3δg0+m−2δ−1 if m ≥ 3 is odd
δ1δ2 · · · δg0θ if m = 1,
28 ANNA PARLAK MICHA L STUKOW
then
ζn =
{
tc1t
−1
cg0+m+1
if m 6= 1
tc1t
n−1
2
cg0+m+1
if m = 1.
Let N2g′+2 = Ng+2 be a closed surface obtained from S = Sg′,2 by gluing c1
to cg0+m+1 with such a choice of orientations that the resulting surface is
nonorientable. The element ξ ∈M(Ng+2) induced by ζ ∈M(Sg′,2) satisfies
ξn =
{
t2c if m 6= 1
t
3−n
2
c if m = 1,
where c is a circle in Ng+2 obtained from c1 in Sg′,2. Moreover ξ commutes
with tc and thus
h =

ξ
n+1
2 t−1c if m 6= 1
ξ
n+2
3 t
n−1
6
c if m = 1 and n = 1 mod 3
ξ
2n+2
3 t
n−2
3
c if m = 1 and n = 2 mod 3
is a desired root of degree n of tc. Corresponding data sets are as follows
(n, g0, (2,−2); (−4, n), (4, n), (−4, n), . . . , (−4, n), (4, n)) if m ≥ 0
is even,
(n, g0, (2,−2); (−4, n), (4, n), (−4, n), . . . , (−4, n), (2, n), (2, n)) if m ≥ 3
is odd,(
n, g0,
(
n+3
2 ,−3
)
;
(
n+3
2 , n
))
if m = 1.
As for the missing case of m = 1 and n = 0 mod 3, recall that we
observed in the proof of Theorem 5.2 that there are no such primary roots
of type B (see also Lemma 4.4).
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